On the centralizer of an /-matrix in M 2 (R/ 1), I a principal 

ideal and R a UFD 

Magdaleen S. Marais 

Abstract. The concept of an /-matrix in the full 2x2 matrix ring M2(R/I), 
where R is an arbitrary UFD and 7 is a nonzero ideal in R, was introduced 
in |10j . Moreover a concrete description of the centralizer of an /-matrix B 
in M2(R/I) as the sum of two subrings 5i and 52 of M2(R/I) was also 
given, where 5i is the image (under the natural epimorphism from M2(R) 
to M2(R/I)) of the centralizer in M2(R) of a pre-image of B, and where the 
entries in S2 are intersections of certain annihilators of elements arising from 
the entries of B. In the present paper, we obtain results for the case when / is 
a principal ideal (k), k S R a nonzero nonunit. Mainly we solve two problems. 
Firstly we find necessary and sufficient conditions for when 5i C 52, for when 
52 Q 5i and for when 5i =52- Secondly we provide a formula for the number 
of elements in the centralizer of B for the case when R/ (k) is finite. 



1. Introduction 

We denote the centralizer of an element s in an arbitrary ring S by Ceng(s). Know- 
ing that M n (R), the full n x n matrix ring over a commutative ring R, is a prime 
example of a non-commutative ring, it is surprising that a concrete description of 
CeiiM n (R)(B) for an arbitrary B £ M n (R) has not yet been found. If R[x] is the 
polynomial ring in the variable x over R, then 

(1) V(B) I f(x) G R[x]} C Cen Mn{R) (B). 
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In fact, it is known that (see [7]) 

{f(B) | f(x) e R[x}} = Cen Mn(R) (Cen Mn(R) (B)). 

The most progress, finding a concrete description of Cen Mn ( R < ) (B), has been made 
for the case when the underlying ring R is a field (see [6], [§], [9], and |13j). 
The following well-known result in this case provides a necessary and sufficient 
condition for equality in (JT]). 

Theorem 1.1. If B is an n x n matrix over a field F , then 

Cen MniF) (B) = {f(B) | f(x)eF[x]} 

if and only if the minimum polynomial of B coincides with the characteristic poly- 
nomial of B. 

The concept of an /-matrix in the full 2x2 matrix ring M2(R/I), where R is 
a UFD and / an ideal in R was introduced in |10) . In this paper, unless stated 
otherwise, we assume that R is a UFD, / is a nonzero ideal in R and k := gcd(I) ^ 0. 
Let 0i : R — >• R/I and 0/ : M2(R) —> M2(R/I) be the natural epimorphism and 
induced epimorphism respectively. We denote the image 9i(b) of b £ R by 6/ and 
the image Oj(-B) of -B € M^{R) by -Bj. However, if there is no ambiguity, then we 
simply write 9, 0, b and -B respectively. 

e/ // 
9i hi 

if (ei - hi,fi) = (i/) or (e 7 - = (i/) or (fi,gi) = (h), where t\k. 



Definition 1.1. We call a matrix 



£ M2(R/I) an I -matrix 



If R is a PID, then every matrix in M2(R/I) is an /-matrix. A concrete 
description of the centralizer of an /-matrix, as the sum of two subrings of A/2 (R/I), 
was given by the following result in [10] : 

Theorem 1.2. Let R be a UFD, I a nonzero ideal in R, and let Bi = 

Cj fj ^ 

6 A/2 (/?//) be an I -matrix, then Cen(B) = Si + S2, where 

h hi _ 

5! = e(Cen(B)) and S 2 = \ ann (/") n ann ^ ^n(g) n & nn(e - h) 

ann(/) n ann(e — h) ann(/) n ann(g) 

Unfortunately the concrete description in Theorem 1 1 . 2 1 could not be generalized 
to n x rt-matrices, for n > 3, in the sense of Proposition [TT2] In [10 , for R a UFD, 
a matrix was given for every factor ring R/I with zero divisors and every n > 3 for 
which equality in @ docs not hold. 

Proposition 1.2. Let R be a commutative ring and let B — [bij] £ M n (R). 
Then 

(2) e(Cen(B)) + [Aj] C Cen(B), 
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where 

Aij = P| ann(S ife ) \f]\ f] ann(6 fei ) Q arni(bu - bjj). 

Regarding Theorem 1 1.2) an example was also provided in |10j . where S\ % S2 
and 1S2 % Si, from which the following questions arise: When is Si % Si-, when is 
£>2 % Si and when is S\ ~ 1S2? In Section [5] this questions will be answered for the 
case when / C R is a principal ideal (k) generated by a nonzero nonunit k S R. 

The problem of enumerating the number of matrices with given characteristics 
over a finite ring has been treated extensively in the literature. Formulas have 
been found, for example, for the number of matrices with a given characteristic 
polynomial [12] : the number of matrices over a finite field that are cyclic pQ or 
symmetric [4]; and the number of matrices over the ring of integers Z modulo 
77i, Wjjyii that are nilpotent [2]. By using the results in [3], some of the above 
mentioned results, where the matrices over a finite field that satisfy some property 
are enumerated by rank, can be extended to matrices over certain finite rings that 
satisfy the property under consideration. 

Naturally the question whether it is possible to enumerate the number of ma- 
trices in CenM n (R)(B), denoted by \CeriM n (R)(B)\, when R is a finite commutative 
ring and B g Al n (R), arises. Using the fact that the dimension of CenM„(F)(B) is 
known by the following result, due to Frobenius, the answer is straightforward in 
the case when R is a finite field F. 

Theorem 1.3. Let B E M n (F), and suppose that fi,---,fi 6 F[x] are the 
invariant factors of B , where fi divides fi-i, for i = 2, . . . , I. Then the dimension 
of CenM 7l (F){B) is given by 

1 

^(2z-l)(deg/ l ). 

i=l 

For example, if n = 2, then the number of elements in Cen Mri (^)(£?) is |-F| 2 , 
if B is a nonscalar matrix, and it is l-Fl 4 if B is a scalar matrix. Unfortunately the 
answer is not that easy in the case when R is a finite ring that is not a field. 

In Section [3] we define an equivalence relation on MiiRj (k)) and we use this 
relation, together with Theorem ll.21 and the results in Section[51 to obtain a formula 
for the number of matrices in Cenjvf 2 (_R/ (k))(B) when R is a UFD and Rj (k) is finite, 
A; is a nonzero nonunit element in R and B £ Mi{Rj '{k)). 

2. Containment considerations regarding the centralizer of a (fc)-matrix 

In this section we answer the following questions: Regarding Theorem 11.21 
when is Si % S2, when is 1S2 % Si and when is Si — S-p- 
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We need the following preliminary definitions and results in Theorem 12 .7\ the 
main result of this section. 

Since the minimum polynomial and characteristic polynomial of any 2x2 non- 
scalar matrix over a field coincide, Theorem 11.11 can be written in the following 
form for the 2x2 case. 

' e / 
9 h 



Corollary 2.1. Let B 



G M 2 (F), F afield. Then 



(i) M2{F), if e = h, f = and g — (i.e. B is a scalar matrix) 



Cen M2(F) (B) = < 



(ii) 



(Hi) 



a 
b 



a 7 b G F} , if e ^ h, f = and g = 



a 

& a — g~ x b(e — h) 



a,b e F > , if f = and g ^ 



a,66F , i//^0. 



a 6 

a-f-^e-h) 

The following result, giving a concrete description of the centralizer of a matrix 
in M2(R), was proved in |10) : 

e / 



Lemma 2.2. Let B = J £ M 2 (R), R a UFD. Then Cen M2(R) (B) 

(i) M 2 (R), if e — h, f — and g = (i.e. i? is a scalar matrix) 

if at least one 



,..[_■, \ e-h f~\ 1 
(ii) < m w + vE v,w <E R> , 

^ g \ of e — h, f,g is nonzero, 

where mT 1 is the inverse of ra := gcd(e — h,f,g) in the quotient field of R. 

The following four results can be easily proved. 

Lemma 2.3. Let S be a subring of a ring T and let s £ S . Then 

Cen s (s) = SnCen T (s). 

Lemma 2.4. Let B G M n (R), where R is a commutative ring. Then 

Cen M2{R) (B T ) = (Cen M2(R) (B)) T . 

Lemma 2.5. Let R be a UFD. Suppose b,k G R, k a nonzero nonunit, and 
S = gcd(6,fc). Then 

(t) = e- 1 ( & nn(b {k) )), 
where t = 5~ 1 k G R, with S^ 1 the inverse of 5 in the quotient field of R. 



ON THE CENTRALIZER OF AN /-MATRIX IN M 2 (R/I),IA PRINCIPAL IDEAL AND R A UFD 5 

Lemma 2.6. Let R be a UFD and let k,x,y £ R, then 
ann(d) = ann(i) n ann(y) 
in R/(k), with gcd(x,y) = d. 

We are now in a position to prove Theorem [ 



B 



Theorem 2.7. Let R be a UFD, k = vTvT •■■A m and let 

e / 



9 h 



G M2(R) be such that B is a (k) -matrix. Then 



(a) 



(3) 



Cen M2{R/{ky) (B) = e {k )(Cen M2 (R)(B)) 

if and only if B is a scalar matrix or satisfies the following conditions for 
every i, i = 1, 2, . . . , m: 

(i) pi is not a divisor of at least one of the elements e — h, f and g; pick 
such an element a, and call the remaining two elements b and c, say. 

(ii) gcd(6, c, k) = 1 or a( gc d(fc, c ,fc)) is invertible in R/(gcd(b,c,k)); 



(b) 



(4) 



Cen(S) = 
if and only if f = and g = 0; 



ann(/) PI ann(g) ann(g) n ann(e — h) 
ann(J) PI ann(e — h) ann(/) n ami(g) 



(c) 



(5) 



e(Cen(B)) 



ann(/) (1 aim(g) aim(g) n ann(e — h) 
ann(/) D ann(e — h) ann(/) fl ann(g) 



if and only if f = 0, g = and (e — h is invertible or e — h = 0). 



PROOF, (a) Since (j3]) follows trivially if B is a scalar matrix, we assume that B is 

a non-scalar matrix. Suppose that conditions (i) and (ii) are satisfied. If 

(6) 

ann M2 (fl/< fe ))(0< fe )(gcd(/,#))) = 0(k), ann M2 (ij/<fc))(0<fc)(gcd(/,e - /i))) = 6( fe ) 

(7) and ann M2 (R/(fe))(0<fc) (gcd(#, e - h))) = 0( k ) , 

then the result follows from Theorem 11.21 and Lemma 12.61 Thus suppose that at 
least one of the annihilators in © and ([7]) is nonzero. We now show that 



6( fe ) ann(0( fe ) (gcd(g, e - h))) 















(k) 



(8) 



J(fe) 



0< fc > ann(0 (fc> (gcd(/,0))) 



ann(0 (fc> (gcd(/, e - h))) (fc) 
G e <fc) (Cen M2 (fl.)(B)). 
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Since then, because 6(fc)(CeiiM 2 (.R)(-B)) is a ring, ([3]) follows from Theorem 1 1.2 1 and 
Lemma 12.61 

If ann M2(i?/(fc)) (6> (fe) (gcd(3,e - ft))) ^ 6 (fc) , then, by LcmmaHjjJ 
1 gcd(g,e - h,k) := (5 and annM 2 (i?/<fc))(^<fc)(gcd(e - h,g))) = ((AhS -1 )^)}. To 
accomplish our objective, we show that for each d^) £ ann M 2 (fl/<fc)) ($(fe) (§ c d(ff, e — 
ft))) there is a rf' (fc) e ann M2 (ii/(fc)) {0(h) (gcd(#, e - ft))) such that f(k)d' {k) = d( k ), 
since then 

so that we therefore can conclude from Lemma r2.2f ii) that 

6( fc ) ann M2(fl/(fc)) (6» <fc) (gcd(5r,e - ft))) 
0{fc) 0( fc ) 

Thus, let be an arbitrary element in aT^M 2 (R/(k))(^(k) (g cc K<?, e — ft))), i.e. sup- 
pose dm := s/m (kS^ 1 )^) for some I/m € R/(k). Since /«\ is invertible in R/(S), 
by (ii), there is a 6 R/(5) such that t(s)f(S) = 1(5) which implies that t/ = 1+vS 
for some v £ R. Hence ftd = (1 + vS)(sk6~ 1 + wk) — skS^ 1 + (to + vs + vSw)k. In 
other words, if we set := (td)(fe) then f{k)d[ k ) = f{k)(td)(k) = (skS- 1 )^) = d( k y 
It can similarly be shown that each of the other two sets in © is contained in 
G (fe )(Cen M2 (fl)(-B)). 

Conversely, suppose B does not satisfy both of the conditions (i) and (ii). We 
distinguish between the following cases: 

(a') B does not satisfy (i), i.e. gcd(e — ft, f,g, k) / 1; 
(b') B satisfies (i), but not (ii). 




fd' 
gd 1 (e - h)d' 



€ e (k) (Ceu M2(R) (B)). 



(a') Suppose there is a prime pi in the prime factorization of k such that pi\e—h,f,g. 
We distinguish between the following two cases: 

(i') / = or g = 0; 

(ii') f,9^0- 

(i') Since pi\e — ft, f,g, direct verification shows that 

6 W ■■■p n i r 1 1 pT- 1 p n i +\ 1 ---p^) 

^■■■p1^pT~ 1 pI^---p'^) 6 

E Cen M2 ( i? /( fe ) ) (B( fe )). 

Because 0^) (Pi 1 ' • 'P^-iPT~ Pi+i '"PnT) (fe)> it follows that the entries in po- 
sition (1, 2) and position (2, 1) of A^) only have nonzero pre-images in R. Since B is 
a non-scalar matrix, it follows from Lemma [2.2f ii) that every matrix in CenM 2 (R) (B) 
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has in position (1,2) if / = and in position (2,1) if g = 0. Therefore 
A {k) $ e {k) (Cen M2{R) (B)) if / = or g = 0. 

(ii') Since /, g and Pi\f,g it follows that 

(9) / = cpl and g = dpi 

for some s, r > 1 and c, d G i? such that p.j j c, d. Now, r < s or s < r. Let us first 
assume that r < s. Because pi\e — h, f,g direct verification shows that 



.4 



(k) 



rii-i _m—l 







G Cen M2 ( R /( fe ))(S( fc )). 



We now show that A/ja ^ 0/fc\(Cen A f 2 (^(S)). Firstly note that the set of all the 
pre-images of A/j.\ is 



ker6» 



<fc> 



kcr ( 



<fc> 



PT ■ • ■ p7-xP?- l P n i?x ■ ■ ■ KT + ker {k} ker (fe) 
Thus, if Am G 6/ fe )(Cen M2 ( fi .)(i?)), then, according to Corollary I2.1f iv) and Lem- 



ma [273] there is a pre-image 
of A(fc), where Ki, «2, «3, «4 G kerfl^, such that 



Pi ■■■Pi-1 Pi Pi+1 ■■■P% 



H 2 

K 3 K4 



G M 2 (R) 



Ki 

it I Tli — l Hi— 1 f, 1 

Pi * • 'Pi-1 Pi P l+ 1 • • -Pm m + K 3 «4 



K 2 



a b 
gf~ l b a-(e-/i)/- 1 6 



a, 



in M 2 (i?) for some a, & G i?. In other words, there are a,b € R such that «i 
k 2 = b and p™ 1 • • •p"llV™ i_ Vr+i 1 ' ' 'Pm m + K 3 — gf 1 ^- But then, consider- 
ing l^jfy and keeping in mind that r < s, gf~ 1 b G R and \ c,d, we have that 
gf~ 1 b = dp^cpl)^ 1 K.2 G (p™ 1 ), where is the ideal generated by p™ 1 in R. Be- 
caused fPi 1 ■ ■ -pT-iPT^pI+i ' ••PSr+«3, it follows that pf ■ ■ -ptTPT^+i 



■ v 



m-\ m — I "i+i 

P, P i+ 1 

K 3 & (p7 i )i w hich implies that 



ni Tli— 1 n?— 1 + l rj 

Pi P 4 Pi+1 ■••P" 



«3 7^ J?/^- 



Thus we have a contradiction. Therefore £ O^^Cen^^^i?)). 
If s < r one can similarly show that 



A (fc) := 



(fe) °(k) 
<fe) 



^)(pi 1 ---pI_I 1 p 



n»_i ni-1 

+1 



P 4 



•••p;; 



G Cen Ma (fl/(fe))(S^), 



and that A/^ ^ 6(m (Cen^ (m(-B)), by using Lemma l2~4l and Corollary I2.1( iv) 
instead of Corollary I2.1f iv'). 



(b') Suppose B satisfies (i), but not (ii). Then, for each i G {1, . . . , m}, at least one 
of the following cases is true: 
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(i') gcd(e — h, f, g, k) = 1 , 1 ^ gcd(e — h, g, k) := 8 and f/$\ is not invertiblc 
in R/(5); 

(ii') gcd(e — h, f, g, k) = 1 , 1 ^ gcd(e — ft,, /, k) := <5 and g«\ is not invertiblc 
in iZ/(fy 

(iii') gcd(e — h, /, g, fc) = 1 , 1 / gcd(/, g, k) :— S and e(^) — h^ is not invertible 
in R/(S); 

We now show that ([3]) does not follow in each of the above cases, 
(i') In this case Lemma [231 implies that 

ann M2 (H/<fe>)(0<fc)(gcd(>,e - h))) = ((kS- 1 )^)). 

Note that since 8 is not a unit, (fc<5 -1 ) ^ (k). By Theorem II .21 it follows that 



A 



(k) 



°<*> 



e Cenjvf 2 (i{/(fc))(5). 



If we can show that ^ <d( k ~ ) (CeiiM 2 (R)(B)), then we are finished. Now, 



kei9/ k \ k 1 <5 + ker( 



kcr(9 



7 (k) 
(k) 



(k) 



ker6» <fc ) 



is the set of all the pre-images of A^ in R. Therefore, taking into account 
that gcd(e — h,f,g,k) = 1, if A(u) G Q(k) (CeiiM 2 (R) (£>)) it follows from Corol- 

. v Ki kS^ 1 + K2 

larv I2.2[ ii) that there is a pre-image 

[ K 3 K 4 

K-ii K2, K3, k 4 G kcr#( fc ), such that 
Ki k8 _1 



€ M 2 (i?) of where 



K 2 



«3 



K 4 



a fb 

gb a — (e — 



for some a,b £ R. Hence, gb = K3 and (e — ft)6 = Ki — k 4 , which implies that 
b = skS^ 1 for some s e R. But then, since /& = kS^ 1 + K2, we have that 

fb = fskS^ 1 = kS^ 1 + k 2 <*=> /s = 1 + <<5 for some t £ R<& f{8)S(s) = 1(5)- 

Since is not invertible in R/(6), according to assumption, we have a contradic- 
tion. Therefore A^) ^ (Cen M2 ( fl ) (B)) and so we conclude that 



Cen M2{R/{k)) (B {k) ) % Q {k) (Cen M2{R) (B)). 



(ii' and hi') It follows similarly to case (i') that Cen M2 ^ R ^ k y^ (B) % 0(Cen M2 ( fl ) (B)). 
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(b) Suppose f,g = 0, then /, g e (k), and so by Corollary 12. 2f ii) 



0(Cen(B)) 



e 



e 



a,beR 



a,b e R 



c 



a fb 
gb a — (e — h)b 

a 
a-(e-h)b 

R/ (k) ann(e — h) 
ann(e — h) R/(k) 

ann(/) PI ann(g) ann(g) n ann(e — h) 
ann(/) PI ann(e — h) ann(/) PI ann(g) 



Conversely, suppose 0(Cen(B)) C 



ann(/) P ann(g) ann(g) P ann(e — h) 
ann(/) P ann(e — h) ann(/) P ann(g) 



Since 



a 
6 a 



G 9(Cen(B)) for every a G it follows that 



9(Cen(£)) = 
<S> 9(Ccn(B)) C 



ann(/) P ann(g) = R/(k) which implies that ann(/) = R/(k) and ann(g) = R/{k) 
and so /, g = 0. 

(c) Using (b) and (a), it follows that 

ann(J) P ann(<?) ann(<?) P ann(e — h) 
ann(/) P ann(e — h) ann(/) P ann(g) 

ann(/) P ann(g) ann(g) P ann(e — h) 
ann(/) P ann(e — h) ann(/) P ann(g) 

ann(/) P ann(g) ann(g) P ann(e — h) 
ann(/) P ann(e — h) ann(/) P ann(g) 

ann(/) P ann(g) ann(g) P ann(e — h) 
ann(/) P ann(e — h) ann(/) P ann(g) 

<^> f,g = Q and (e — h is invertible in i?/ (k) or e — h = 0). 



and 



C 6(Cen(S)) 



<^> /, _g = 6 and 



C 6(Cen(S)) 



□ 



Example 2.8. Let R = F[x,y, z], k = x 3 y z and let B 



x 2 y 2 x + 1 
x 2 



B' = 



x 2 y 2 




and B" = 



Note that B, B' and B" are 



1 + xyz 


(a: 3 2/ 2 z)-matrices. Since gcd(x 2 y 2 , x 2 ) — x 2 and (x + l)( x 2 ) is invertible in R/(x 2 ), 
it follows from Lemma l2~2T ii) and Theorem 12 .7f a) that 



Cen(£ <fc> ) = e(Cen(B)) 



a (x +1)6 
x 2 6 a + x 2 y 2 b 



a,b£ F[x,y,z]/{x y z) 
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Furthermore, it follows from Theorem 12. 7f b) that 

R/(x 3 y 2 z) (xz) 



Cen(B' {k) ) 



(xz) R/(x 3 y 2 z) 



and, since 9/ x a v a z \ (1 + xyz) is invertible in R/ (x 3 y 2 z), from Theorem 12 .7( c) that 
Cen(B") = e(Cen(B'( k) )) = 



ann(/) fl ann(g) ann(g) PI ann(e — h) 
ann(/) n ann(e — h) ann(/) Pi ann(g) 



R/(x 3 y 2 z) 6 

6 R/{x 3 y 2 z) 



The following result is well-known. 

Lemma 2.9. Le£ R be a PID. Then an element b G R/{k) is invertible if and 
only if gcd(6, k) = 1. 

Using Lemma [2791 and the fact that every matrix in M2(R) is a (fc)-matrix if R 
is a PID, we simplify Theorem 12.7( a) for the case when R is a PID. 



Corollary 2.10. Let R be a PID and let B 



e f 
9 h 



G M 2 {R). Then 



Cen(B) = 9(Cen( J B)) 
?/ and oriij/ i/-B is a scalar matrix or gcd(e — h, f,g, k) = 1. 



Note that although Corollarv l2.11l is not a characterization of the (A;)-matrices 
for which (J3j> is true, it is easier to verify if Corollary [2TTJ applies to a specific matrix 
in M 2 {R) than to verify if Theorem 12. 7\ a) applies to a specific matrix in M2(R). 



e f 
g h 



G M 2 (R). If at 



Corollary 2.11. Let R be a UFD, k e R and B 

least one of the three elements e — h, f and g is invertible in R/ (k) , then 

Cen(B) = 9(Cen(B)). 

Proof. It follows trivially that B is a (fe)-matrix. Without loss of generality, 
let us suppose that / is invertible in R/(k). Then, by Lemma [2.91 gcdf f, k) = 1. 
Hence condition (i) in Theorem 12.7( a) is satisfied. Now, suppose that gcd(e — 
h, g, k) = 5. If 5 is a unit, then condition (ii) is also satisfied. Thus suppose that 5 
is not a unit. Then, since fn.\ is invertible in R/(k) and 6\k, it follows that there 
is a t G R such that tf = 1 + sk = 1 + svS for some s,v G R which implies that 
t(6)f(S) = 1 (<5) - Therefore condition (ii) in Theorem 12.7( a) is also satisfied. □ 
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3. The number of matrices in the centralizer of a matrix in M2(R/ (k)), 

R a UFD and R/(k) finite 

In this section k £ R will always be a nonzero nonunit such that R/{k) is finite and 
we will always denote the number of elements in a ring S by \S\. The purpose of 
this section is to determine the number of matrices in CeiiM 2 (R/{k))(B)j where R is 
a UFD, R/(k) is finite and B € M 2 {R/{k)). 

To reach our goal, we first need some preliminary results. 



Definition 3.1. Let k £ R, let B = 



£ Mi(R) and let d := gcd(e — 



e f 
g h 

h,f,g,k). We define the relation ~ onGenM 2 (Ri(k))(B(k)) as follows: for Ai k \,Ci k \ £ 
Ce&M 2 {R/(k)){B(k)), 

A { k) ~ C {k) iff A {k) - C {k) £ M 2 {({M =T ) {k} )). 

It follows immediately that ~ is an equivalence relation. 
We denote the equivalence class of A^) by A%, and the set 

{^<fe> I A {k} £ (Cen M2 ( R/(k)) (B {k) ))} 
of all equivalence classes by 

(Cen M3 ( fl / <fe ))(B <fe )))*. 

Since 



ann(/( fe ) ) n ann(<?( fc ) ) ann(e< fe ) - fy*) ) n axm{g^ k ) ) 
ann(e (fc) - h {k) ) n ann(/ (fe) ) ann(/ (fc) ) n ann(g (fc) ) 



M 2 (((kd-i) {k) )) C 

it follows from Theorem 11.21 that M2(((kd~ 1 ) , k \)) C CenM 3 (R/(k)){B(k))- Therefore 
each equivalence class in (Cen M2 ^ R / ^ k ^(B ^))* has |((&rf _1 )/j.\)| 4 elements. 
We define addition EH and multiplication □ on (Cen M2 f R / / k \\ (B/ k \))* by 

(io) A* {k) mc* {k) = (A {k) + d {k) y and A* {k) nc* {k) = (A {k) nd {k) y. 

It is easy to show that the binary operations EH and □ are well-defined and that the 
triple ((Cenjvf 2 (/i/(fc)) (S(fc)))*, EH, □) is a ring, which we sometimes, if the context is 
clear, denote by (Cen M2(R/{k)) (B {k) ))* . 

Using the following well-known result, Corollary 13.31 can easily be proved. 



Theorem 3.2. If A\,... ,A m are ideals in a ring S (not necessarily commuta- 
tive or with a unit), then there is a monomorphism of rings cj> : S/(A\C\ - ■ -nA m ) — > 
S/Ai © • • • © S/A m defined by <j)(s + (A\ fl • • • D A m )) = (s + Ax, . . . , s + A m ). If 
S 2 + Ai = S for all i and A4 + Aj = S for all i ^ j, then <f> is an isomorphism of 
rings. 
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Corollary 3.3. Let R/ (k) be finite, and let k — p™ 1 p 2 2 ■ ■ ■ p 7 ^' , with pi, ... ,Pn 
different primes and n\ , . . . , n m > 1 . Then 

(i) (f> : R/(k) -> R/ip 1 ! 1 ) ®R/{pT)®---® R/(P™r) de fi ned h V 

0(r) = (fl( p -i ) (r),^ a> (r),..-,e <pS « > (r)) 

is an isomorphism. 

(ii) $ : M 2 (R/(k)) -»• M 2 (R/(p^)) © • ■ ■ © M 2 (i?/(p«-)) de/med 6?/ 

*([M) = (e (pr) ([M): • • • , ©(p-)([M)) 

is an isomorphism. 
We need the following trivial results in the next Lemma 



Lemma 3.4. Let S,Si,..., S m be rings, s G S and let T : S — > S\ © ■ ■ ■ © S m 
defined by T(s) = (si, . . . , s m ) 6e an isomorphism. Then t G Cens(s) i/ and on/?/ i/ 
G Ceng^Sj), /or aZZ i. 

Lemma 3.5. Let R/(k) be finite. An element b G R/{k) is invertible if and 
only if gcd(6, k) = 1. 



Lemma 3.6. Let B 

= 1, then 



e / 
9 h 



G M 2 {R) and let k G R. If gcd(e - h, f, g, k) 



\Cen(B (k) )\ = \R/(k)f 



Proof. Suppose k = p^p^ 2 • ■ ■p r ^T, where pi, . . . ,p m are different primes and 
n, > 1 for all i. It follows from Lemma r3~3T ii) and Lemma [3^41 that 



Cen M2 (R/(k))(B {k) ) = 0Cen M2(H/(? ,» i)) (B (p n i) ). 
i=i 

Therefore, 

m 

Cen M2(fl/(fe)) (B (fe) )| = ]J |Cen M2(fl/(j » i)) (.B (j »i ) )|. 
i=i 

If we can show that |Cen M2 ( fl ^ p «i^(i?^«^)| = i?/ (p™')| 2 , for all i, it follows, again 
from Lemma l3.3f ii) and Lemma 13.41 that 

m 

\Cen M2W{k)) (B {k) )\ =Y[\R/( P r)\ 2 = \R/(k)\ 2 . 

i=l 

Let Pi be an arbitrary prime in the prime factorization of k. Since gcd(e — 
h, f,g,k) = 1, it follows that Pi \ f or pi \ g or Pi \ e — h. Thus, by Lemma [331 at 
least one of // p n *)j ff< p ™») or ^l P ni ) ~ ^( P ni ) is invertible in R/ip^). 
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If / is invertible in R/ (p™ 1 ) with inverse t, say, then given that gcd(e — h, /, g,p" z ) 
= 1, it follows from Corollary 12. Ill and Lemma [2~27 ii) that 



Cen 



M 2 (R/{p"')) 



Cen 



e / 
9 h 



Cen 



te 1 
tg th 



(11) 





i 


6 " 




!■ 






+ b 




6 


i 





1 

tg —t(e — h) 



a,beR/W 



It can be similarly shown that if g is invertible in R/(p'^ i ) with inverse t, say, then 

IJ a. be n /(!/;■) 



a,b€R/(p?) 





" 1 


o " 




' 6 








+ b 






6 


i 




i 



(12) Cea MaW{p n i} ^B)= {a 
and if e — h is invertible in with inverse t, say, then 

(13) Cen M2{R/{p:i)) {B) 





i 6' 




6 


-if ' 




{■ 


o i 


+ b 




i 





It is easy to see that the number of elements in the sets in (fTT|) . (pT2|) and (| 13[) are 

IW>I 2 - 



□ 



Lemma 3.7. Let k G R, let B 



e f 
g h 



G M 2 (R) and let 



B' 



d- x g 



where d := gcd(e — h, /, g, k), then 

(CenM 2 (R/(fe))(-B( fe )))* = Cen M2(i? /( fc(i -i))(i?'( fcd -i)). 
Proof. Since 

A *k) e (Cen M2 ( fl /( fe ))(B^)))* 4^ j4( fc ) € CenM 2 (R/(fe))(-B(fe)) 
e<fc) - fe(fc) /(fc) 



Ag.) G Cen 



M 2 {R/(k)) 



9(k) 











' e-ft / " 


5 _ 




<? _ 



(k) 



A G M 2 «*» 



and 



O AB' - B'A G M 2 «fcd !)) o A (fcd -i) G Gcn M2(R/{kd -i )) {B' {kd -i ) ) 



4=> A - C G M^fccT 1 )) ^ A (kd -i } = C {kd -i } . 
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it follows that T : (Cen M2 (R/(k))(B(k)))* -> Cen M2{R/{kd -i y) (B' {kd -i } ), defined by 

r(^*) = l <M -i > , 

is a well-defined function which is 1 — 1 and onto. It can be easily shown that T is 
a homomorphism. □ 

We are finally able to determine the number of elements in the centralizer of a 
matrix in M 2 (R/{k)), if R is a UFD and R/(k) is finite. 

Theorem 3.8. Suppose R is a UFD, k € R is a nonzero nonunit such that 
R/(k) is finite, and 

B=\ e f 
_ 9 h 

then 

\Cen M2(R/{k)) (B {k) )\ = iR/ikd- 1 )] 2 ■ \((kd^) {k) )\\ 
where d :=gcd(e — h, /, g, k). 



G M 2 (R), 



Proof. With B' as in Lemma l3"77] it follows from Lemma 13761 that 

\Cen MaW<kd - 1)) (B > {kd - 1) )\ = {R/ikd-^l 2 . 

Since each equivalence class in (Gen.M 3 (R/{k)) (B/ k \ ))* has cardinality |((fc<i _1 )^.))| 4 , 
it follows that 

|Cen M2(R/(fe ))(S( fe) )| = |(Cen Af2(fl/(fe)) (i? (fc) ))*||((fc(i- 1 ) (fc) )| 4 , 
and so Lemma 13 . 71 implies that 

\Cen M2(R/{k)) (B {k) )\ = \Cen M2{R/{kd -i )) (B' {kd -i ) )\\((kd- 1 ) {k) )\ i 

= \R/{kdr l )\ 3 \{(kd^) {k) )\\ 

□ 

Example 3.9. Let R = Z[i], k = 12 so that R/(k) = Z 12 [i] (see [5], p. 604, 
Theorem 1) and let 

r Ai 3 + 6i 

9i 1 

Using the fact that every matrix is a (fc)-matrix if R is a PID, note that, according 
to Lemma l2~27 ii) and Theorem II .21 



B 



Cen M2 ( Zl2 [ i ])(B( 12 )) = 9(i2) 



a (l + 2i)6 
Sib a — Sib 



a, b G Z[z] 



(4) (4) 
(4) 6 
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Now, since gcd(3i, 3 + 6i, 9i, 12) = 3, let d — 3 so that kd^ 1 = 12 • 3 _1 = 4. Since 

|Z[i]/<4)| = \{a + ib\a,be Z 4 }| = 16 and |(4 <12) )| = 9 
it follows from Theorem 13.81 that 

|Cen M2(Zl2H) 0§ (12) )| = 16 2 • 9 4 = 1679616. 
For 2x2 matrices over a factor ring of Z we have the following result. 



e / 
g h 



€ M 2 (Z fc ), then |Cen(B)| = {kdf , where 



Corollary 3.10. Let B 

d = gcd(e - h, f,g, k). 

Proof. According to Theorem [ 

|Cen M2(Zfc) (S w )| = \Z kd -i\ 2 \((kPi) {k} )\ 4 = (kd^fd 4 = {kdf. 

□ 



2(12) 2( 12 ) 



4(12) 8(12) 



Since gcd(6,2,4, 12) = 2, it 



Example 3.11. Let -B(i2) : 
follows that 

|Cen M2(Zl2) (B (12> )| - (12 • 2) 2 = 24 2 = 576. 

Remark 3.12. A natural example to include in this section, if such an example 
exists, would be one of a UFD R, which is not a PID, and a nonzero nonunit k G R, 
such that Rj (k) is finite. Unfortunately we could not find such an example. Neither 
have we been able to prove that if R is UFD and k G R is a nonzero nonunit such 
that R/(k) is finite, then R is a PID. 
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